Taylor/Series FRQs from all released AP exams

f(0)=0
f0)=1
£ ) = —n. £(0) forall n =1
6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.

The Maclaurin series for f converges to f(x) for |x| < L
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(a) Show that the first four nonzero terms of the Maclaurin series for f are x — ? + ?

- ? and write the

general term of the Maclaurin series for f.

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain your reasoning.

(¢) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = .[:]t fle) dr.

6. The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

-1
Itis known that f(1) =1, f/(1) = —%, and the nth derivative of f at x = 1 is given by (1) = (—1)"%

-~

for n = 2.

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.

(b) The Taylor series for f about x = 1 has a radius of convergence of 2. Find the interval of convergence.
Show the work that leads to your answer.

(c) The Taylor series for f about x = 1 can be used to represent f(1.2) as an alternating series. Use the first

three nonzero terms of the alternating series to approximate f(1.2).
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6. The Maclaurin series for a function f is given b = X X b IR s
g y 3

n=|
converges to f(x) for |x| < R, where R is the radius of convergence of the Maclaurin series.

(a) Use the ratio test to find R.

(b) Write the first four nonzero terms of the Maclaurin series for f’, the derivative of f. Express f” asa
rational function for |x| < R.

(¢) Write the first four nonzero terms of the Maclaurin series for ¢*. Use the Maclaurin series for ' to write
the third-degree Taylor polynomial for g(x) = ¢* f(x) about x = 0.

A n
6. The Taylor series for a function f about x =1 is given by 2(—1)"+l 27(\' —1)" and converges to f(x) for
n=l|
|x = 1| < R, where R is the radius of convergence of the Taylor series.

(a) Find the value of R.

(b) Find the first three nonzero terms and the general term of the Taylor series for f”, the derivative of f,
about x = 1.

6. A function f has derivatives of all orders at x = 0. Let P,(x) denote the nth-degree Taylor polynomial
for f about x = 0.

(a) Itis known that f(0) = -4 and that P,(-é—) = -3. Show that f’(0) = 2.
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(c) The function A has first derivative given by h’(x) = f(2x). It is known that 2(0) = 7. Find the
third-degree Taylor polynomial for & about x = 0.

(b) It is known that f”(0) = -2 and f”’(0) = . Find P;(x).
3 3
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6. The Maclaurin series for the function f is given by f(x) = ZM)—

l on its interval of convergence.
n -

n=2

(a) Find the interval of convergence for the Maclaurin series of f. Justify your answer.

2
(b) Show that y = f(x) is a solution to the differential equation xy’ -y = lt"’x‘ for |x| < R, where R is the
radius of convergence from part (a).
6. Let f(x) = In(1+x°).
2 X x g X
(a) The Maclaurin series for In(l + x) is x — N st A ) ro- e Use the series to write

the first four nonzero terms and the general term of the Maclaurin series for f.

(b) The radius of convergence of the Maclaurin series for f is 1. Determine the interval of convergence. Show
the work that leads to your answer.

(¢) Write the first four nonzero terms of the Maclaurin series for f’(:z). If g(x) = j(: f '(:2) dt, use the first

two nonzero terms of the Maclaurin series for g to approximate g(1).

———— forx#0
flx=q 2

~% for x =0

6. The function f, defined above, has derivatives of all orders. Let g be the function defined by

glx)=1+ j(':f(t) dt.

(a) Write the first three nonzero terms and the general term of the Taylor series for cos x about x = (. Use this
series to write the first three nonzero terms and the general term of the Taylor series for f about x = 0.

(b) Use the Taylor series for f about x = 0 found in part (a) to determine whether f has a relative maximum,
relative minimum, or neither at x = 0. Give a reason for your answer.

(¢) Write the fifth-degree Taylor polynomial for g about x = 0.
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6. Let f be the function given by f(x) =
1

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 0.

(b) Does the series found in part (a), when evaluated at x = 1, converge to f(1) ? Explain why or why not.

(¢) The derivative of 1n(1 + xl] is

. Write the first four nonzero terms of the Taylor series for
1+ x

1n(1 + xz] about x = 0.
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6. The Maclaurin series for ¢* is ¢* =1+ x + 5+ % s e The continuous function f is defined by
B L= _

,l for x # 1 and f(1) = 1. The function f has derivatives of all orders at x = 1.

flx) = m_—

(a) Write the first four nonzero terms and the general term of the Taylor series for ¢ about x = 1.

(b) Use the Taylor series found in part (a) to write the first four nonzero terms and the general term of the
Taylor series for f about x = 1.

(c) Use the ratio test to find the interval of convergence for the Taylor series found in part (b).

(d) Use the Taylor series for f about x = 1 to determine whether the graph of f has any points of inflection.



6. Let f be the function given by f(x) = 6e /> forall x.

(a) Find the first four nonzero terms and the general term for the Taylor series for f about x = 0.

X
(b) Let g be the function given by g(x) = jﬂ f(t) dr. Find the first four nonzero terms and the general term for

the Taylor series for g about x = 0.

(c) The function h satisfies h(x) = k f’(ax) for all x, where a and k are constants. The Taylor series for h
about x = 0 is given by
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xT X X
h(x) = R TR Tt e At
Find the values of a and k.
6. The function f is defined by the power series
vz Gx% Gy’ (=1)" nx"
R =g+ttt

for all real numbers x for which the series converges. The function g is defined by the power series
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for all real numbers x for which the series converges.
(a) Find the interval of convergence of the power series for f. Justify your answer.

(b) The graph of y = f(x) — g(x) passes through the point (0, ~1). Find y’(0) and y”(0). Determine
whether y has a relative minimum, a relative maximum, or neither at x = 0. Give a reason for your answer.

6. The function f is defined by f(x) = The Maclaurin series for f is given by

l+.rc3
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which converges to f(x) for -1 < x < 1.
(a) Find the first three nonzero terms and the general term for the Maclaurin series for f’(x).
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(b) Use your results from part (a) to find the sum of the infinite series ~3 ==t (=1)" 3n_
22 5 8

+
23n—l
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(¢) Find the first four nonzero terms and the general term for the Maclaurin series representing Io f(¢t) dr.



3. The Taylor series about x = 0 for a certain function f converges to f(x) for all x in the interval of
convergence. The nth derivative of f at x = 0 is given by
(—1}"+I (H + l}l

£"0) = — for n = 2.
5" (ﬂ _ ]}—

The graph of f has a horizontal tangent line at x = 0, and f(0) = 6.
(a) Determine whether f has a relative maximum, a relative minimum, or neither at x = 0. Justify your answer.

(b) Write the third-degree Taylor polynomial for f about x = 0.

6. Let f be the function given by f(x) = sin(ﬁx + ;], and let P(x) be the third-degree Taylor polynomial
for f about x = 0.

(a) Find P(x).

(b) Find the coefficient of x** in the Taylor series for f about x = 0.

2. Let f be a function having derivatives of all orders for all real numbers. The third-degree Taylor polynomial
for f about x = 2 is given by

T(x) = 7-9(x - 2) - 3(x - 2)".
(a) Find £(2) and £"(2).
(b) Is there enough information given to determine whether f has a critical pointat x = 2 ?
If not, explain why not.
If so, determine whether f(2) is a relative maximum, a relative minimum, or neither, and justify
your answer.
(c) Use T(x) to find an approximation for f(0). Is there enough information given to determine whether f has
a critical pointat x = 07
If not, explain why not.

If so, determine whether f(0) is a relative maximum, a relative minimum, or neither, and justify your
aAnsSwer,



6. A function f is defined by

)=t s 2 xt+ gt on
30 32 3
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for all x in the interval of convergence of the given power series.

(a) Find the interval of convergence for this power series. Show the work that leads to your answer.

Flx) - %

b) Find li
(b) Find i —=

1
(¢) Write the first three nonzero terms and the general term for an infinite series that represents I f(x)dx.
0

(d) Find the sum of the series determined in part (c).

6. The function f is defined by the power series
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for all real numbers x.

(a) Find f’(0) and f”(0). Determine whether f has a local maximum, a local minimum, or neither at x = 0.

Give a reason for your answer.

(b) Show that 1 — 1 approximates f (1) with error less than ——

|
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(c) Show that y = f(x) is a solution to the differential equation xy" + y = cos x.

6. The Maclaurin series for the function f is given by
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A S A R R
n=

on its interval of convergence.
(a) Find the interval of convergence of the Maclaurin series for f. Justify your answer.
(b) Find the first four terms and the general term for the Maclaurin series for f’(x).

(¢) Use the Maclaurin series you found in part (b) to find the value of f ’(— %j
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6. A function f has derivatives of all orders for all real numbers x. A portion of the graph of f is shown above,
along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table
above.

(a) Write the third-degree Taylor polynomial for [ about x = 0.

(b) Write the first three nonzero terms of the Maclaurin series for ¢*. Write the second-degree Taylor
polynomial for e*f(x) about x = 0,

(c) Let h be the function defined by h(x) = I:f{r} dt. Use the Taylor polynomial found in part (a) to find an

approximation for h(1).



